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a b s t r a c t

Experiments involving two diffusion-weightings in a single acquisition, so-called double- or two-wave-
vector experiments, have recently been applied to measure the microscopic anisotropy in macroscopi-
cally isotropic samples or to estimate pore or compartment sizes. These informations are derived from
the signal modulation observed when varying the wave vectors’ orientations. However, the modulation
amplitude can be small and, for short mixing times between the two diffusion-weightings, decays with
increased gradient pulse lengths which hampers its detectability on whole-body MR systems. Here, an
approach is investigated that involves multiple concatenations of the two diffusion-weightings in a single
experiment. The theoretical framework for double-wave-vector experiments of fully restricted diffusion
is adapted and the corresponding tensor approach recently presented for short mixing times extended
and compared to numerical simulations. It is shown that for short mixing times (i) the extended tensor
approach well describes the signal behavior observed for multiple concatenations and (ii) the relative
amplitude of the signal modulation increases with the number of concatenations. Thus, the presented
extension of the double-wave-vector experiment may help to improve the detectability of the signal
modulations observed for short mixing times, in particular on whole-body MR systems with their limited
gradient amplitudes.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

Experiments where two diffusion-weighting periods are applied
successively in a single acquisition [1–4] (Fig. 1a) have gained
interest due to their sensitivity to tissue structure on a microscopic
level. Because of the analogy of a diffusion-weighting period to a
scatter event for short gradient pulses [5], these experiment often
are referred to as two- or double-wave-vector (DWV) experiments,
in contrast to standard, single-wave-vector diffusion-weighting. In
these experiments, the dependency of the signal amplitudes on the
angle between the two wave vectors is usually exploited since it
offers information beyond that of a single-wave-vector experi-
ment. Because the averaging over the sample is performed for
the accumulated phase difference each spin experiences during
the two successive diffusion-weightings with, in general, different
directions, the correlation of the diffusion-related displacements
are reflected in the acquired signal. This information can be used
to assess the size and shape of the compartments in which the
spins diffuse [3].
ll rights reserved.
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Which property can be investigated depends on the experimen-
tal parameters, in particular on the mixing time between the two
diffusion-weightings. For long mixing times and diffusion in iso-
tropically orientation-distributed pores or cells, an angular modu-
lation occurs only for anisotropic, e.g. ellipsoidal, cells yielding a
signal difference between parallel and perpendicular orientations
of the wave vectors [3]. This is in particular interesting as such a
sample in a standard, single-wave-vector experiment appears iso-
tropic and cannot be distinguished from a sample of spherical
pores. Experiments showing this effect have been reported for
yeast cells [6], model systems [7], and, ex vivo, for monkey brain
gray matter [7] and pig spinal cord [8]. The observations have been
supported by theoretical considerations [6] and numerical simula-
tions [9,10].

For short mixing times, a signal difference between parallel and
antiparallel wave vector orientations is expected [3] which has
been demonstrated for biological model systems and pig spinal
cord ex vivo on a whole-body MR system [11]. Furthermore, exper-
imental evidence of this signal difference in the cortico-spinal tract
in the living human brain has been provided recently [12]. Because
the initial description of this effect [3] assumed infinitely short gra-
dient pulses and mixing times, infinitely long diffusion times, and
was focused on isotropically orientation-distributed pores or cells,
some theoretical extensions have been provided which cover
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Fig. 1. Basic pulse sequences for the double-wave-vector (DWV) diffusion-weighting experiments considered. (a) Standard DWV experiment, (b) extension with n
concatenations of the two wave vectors which involves an even number of diffusion-weightings, and (c) extension with concatenations of the two wave vectors and a final
diffusion-weighting with the first wave vector, i.e. an odd number of diffusion-weightings, which can be considered as an experiment with a half-integral number n0 of
concatenations.
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signal expressions for finite timing parameters [13] and a tensor
approach to describe the signal behavior for arbitrary orienta-
tion-distributions and obtain a rotationally-invariant pore size
measure [14].

The amplitude of the signal differences observed in the men-
tioned experiments is rather small and limits their detectability.
This in particular holds for whole-body MR systems with their
weaker gradient systems and the experiment with short mixing
time to determine cell or compartment sizes where the signal
modulation has been shown to decay with the gradient pulse
length [9,10,15,16].

In this work, an extension of the DWV experiment is investi-
gated which involves multiple concatenations of the two diffu-
sion-weightings. The theoretical framework derived for fully
restricted diffusion is adapted yielding expressions for the signal
in such experiments. The corresponding tensor approach for short
mixing times and the derived pore or cell size measure [14] are ex-
tended and verified by numerical simulations. It is shown theoret-
ically and in numerical simulations that the relative amplitude of
the signal modulation for short mixing times increases with the
number of concatenations which may help to improve the detect-
ability of the signal modulation experimentally and to increase the
accuracy of the derived cell parameters.

2. Theory

A first analysis of the MR signal in experiments involving multi-
ple wave vector diffusion-weighting (e.g. see Fig. 1a) was pre-
sented by Mitra [3]. In the short-pulse approximation, i.e.
assuming that the gradient pulse duration d approaches 0, the
phase difference Du for a particle diffusing along the trajectory
rðtÞ in the experiment shown in Fig. 1a is given by

Duðq1;q2Þ ¼ q1½rð0Þ � rðDÞ� þ q2½rð2Dþ smÞ � rðDþ smÞ� ð1Þ

where q1 and q2 represent the two wave vectors and are given by
qi ¼ cdgi with the gyromagnetic ratio c and the gradient pulse dura-
tion and amplitude d and gi, respectively. The corresponding MR
signal then obeys
Mðq1;q2Þ / heiq1 ½rð0Þ�rðDÞ�þiq2 ½rð2DþsmÞ�rðDþsmÞ�i ð2Þ

where the average is taken over the spin ensemble within the
sample.

Considering spins diffusing in isolated pores, i.e. fully restricted
diffusion, and assuming furthermore that the diffusion time D is
large compared to sD ¼ a2

2D (D� sD), i.e. the time a spin with diffu-
sion coefficient D typically requires to cross a pore with diameter a,
some simplifications of Eq. (2) can be achieved. Thereby, two lim-
iting cases for the mixing time sm between the two diffusion-
weightings, a vanishing and a very large sm, were considered in
more detail [3].

For a long mixing time (sm � sD), the individual r for a spin’s
trajectory at the individual time points in Eq. (2) are independent
and their ensemble averages are identical. This yields

Mðq1;q2Þ /
X

i

~qiðq1Þj j2 ~qiðq2Þj j2 ð3Þ

with

~qiðqÞ ¼
Z

pore
qiðrÞeiqrdr ð4Þ

being the Fourier transform of the spin density qiðrÞ in the ith pore.
For a very short mixing time (sm ! 0), the positions at D

and Dþ sm are identical while those at 0, D, and 2D are
independent and yield the same ensemble average. Thus, an
MR signal of

Mðq1;q2Þ /
X

i

~qiðq1Þ~qiðq2Þ~qið�q1 � q2Þ ð5Þ

is obtained.

2.1. Signal for multiple concatenations of two wave vectors

Now the experiment sketched in Fig. 1b is investigated which
involves a concatenation of diffusion-weightings where the wave
vector alternates between q1 and q2. This experiment represents
a special case of the general multiple-wave-vector experiment
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where all odd and all even wave vectors are identical (q2jþ1 ¼ q1,
q2j ¼ q2). Furthermore, all diffusion times as well as all mixing
times are assumed to be identical (Dj ¼ D, smj ¼ sm), respectively.
Thus, the extra degrees of freedom an experiment with more than
two wave vectors offers are not exploited. This is why the term
‘‘double wave vector” will still be used to describe the experiment.

Unless stated otherwise, it is assumed that both wave vectors
are used n times, i.e. n1 ¼ n2 ¼ n where the ni indicate how often
wave vector i is applied. Thus, the equation derived in the follow-
ing section must match the results presented in the previous sec-
tion if n is set to 1.

The phase difference an individual spin accumulates in the jth
concatenation can be obtained by replacing each rðtÞ in Eq. (1)
by rðt þ 2jðDþ smÞÞ because 2ðDþ smÞ is the duration of one con-
catenation (j ¼ 0 . . . n� 1). Thus, the total phase difference is given
by

Duðq1;q2Þ ¼
Xn�1

j¼0

q1½rð2jðDþ smÞÞ � rð2jðDþ smÞ þ DÞ�f

þ q2½ðrðð2jþ 1ÞðDþ smÞ þ DÞ � rðð2jþ 1ÞðDþ smÞÞ�g
ð6Þ

and the MR signal of the sample obeys

Mðq1;q2Þ/
Yn�1

j¼0

eiq1 ½rð2jðDþsmÞÞ�rð2jðDþsmÞþDÞ�þiq2 ½rðð2jþ1ÞðDþsmÞþDÞ�rðð2jþ1ÞðDþsmÞÞ�

* +
:

ð7Þ

For the case of a long mixing time (sm � sD), the arguments
provided in the previous section apply analogously, i.e. the
values of the trajectory r at all time points occurring in Eq. (7),
i.e. 2jðDþ smÞ, 2jðDþ smÞ þ D, ð2jþ 1ÞðDþ smÞ þ D, and ð2jþ 1Þ
ðDþ smÞ, are independent for any j which yields an MR signal of
the sample of

Mðq1;q2Þ /
X

i

~qiðq1Þj j2n ~qiðq2Þj j2n
: ð8Þ

For a vanishing mixing time (sm ¼ 0), the time points
2jðDþ smÞ þ D and ð2jþ 1ÞðDþ smÞ coincide for 0 6 j 6 n� 1 at
the transition from q1 to q2 (inner-cycle transition). But also
ð2jþ 1ÞðDþ smÞ þ D and 2j0ðDþ smÞ are identical for j0 ¼ jþ 1 and
0 6 j < n� 1 reflecting the transition from q2 of one concatenation
to the q1 of the next concatenation (inter-cycle transition). This
yields a MR signal of

Mðq1;q2Þ /
X

i

~qiðq1Þ~qiðq2Þ~qið�q1 � q2Þ
n ~qiðq1 þ q2Þ

n�1 ð9Þ

where ~qið�q1 � q2Þ
n represents the n inner-cycle transitions and

~qiðq1 þ q2Þ
n�1 the n� 1 inter-cycle transitions, respectively. Be-

cause q is real, ~qiðq1 þ q2Þ ¼ ~q�i ð�q1 � q2Þ which implies that the
MR signal can be written as

Mðq1;q2Þ /
X

i

~qiðq1Þ~qiðq2Þ~qið�q1 � q2Þ
n ~q�i ð�q1 � q2Þ

n�1 ð10Þ

where ~qið�q1 � q2Þ and ~q�i ð�q1 � q2Þ were used to emphasize the
analogy to Eq. (5).

2.2. Adaptation of tensor approach and pore size measure for a
vanishing mixing time

For the concatenated experiment, the recently presented tensor
approach [14] which can be used to describe the general signal
behavior for a vanishing mixing time, needs to be adapted. The der-
ivation of the extended model is sketched in the following para-
graphs, more details can be found in [14].
Considering a single pore orientation, the pore index i can be ig-
nored and Eq. (10) simplifies to

Mðq1;q2Þ / ~qðq1Þ~qðq2Þ~qð�q1 � q2Þ
n ~q�ð�q1 � q2Þ

n�1 ð11Þ

Introducing the six-element vector Q ¼ ðqT
1; q

T
2Þ

T , i.e.

Q i ¼
ðq1Þi for i ¼ 1;2;3
ðq2Þi�3 for i ¼ 4;5;6

;

�
ð12Þ

Eq. (10) can be re-written as

MðQ Þ / ~q1ðQ Þ~q2ðQ Þ~q3ðQ Þ ð13Þ

with

~q1ðQ Þ ¼ ~qðQ 1;Q 2;Q3Þ ¼ ~qðq1Þ
~q2ðQ Þ ¼ ~qðQ 4;Q 5;Q6Þ ¼ ~qðq2Þ
~q3ðQ Þ ¼ ~qð�Q1 � Q4;�Q 2 � Q 5;�Q 3 � Q 6Þn

~q�ð�Q 1 � Q 4;�Q 2 � Q 5;�Q 3 � Q 6Þn�1

¼ ~qð�q1 � q2Þ
n ~q�ð�q1 � q2Þ

n�1
: ð14Þ

Compared to the previous definitions for a single concatenation
[14], only ~q3 has to be generalized while the other two terms are
independent of the number of concatenations.

To expand MðQ Þ to second order, the Taylor expansions of ~q and
~q� are required which are identical and given by

~qðqÞ ¼ V � 1
2

qT R qþ Oðq3Þ ¼ ~q�ðqÞ ð15Þ

with the pore volume V and the 3� 3 tensor R whose elements are

Rij ¼
Z

pore
qðrÞrirj dr: ð16Þ

This yields

~q1ðQ Þ ¼ V � 1
2

Q T R 0
0 0

� �
Q þ OðQ 3Þ: ð17Þ

and

~q2ðQ Þ ¼ V � 1
2

Q T 0 0
0 R

 !
Q þ OðQ 3Þ: ð18Þ

For ~q3, the corresponding expansions of ~qð�ÞðqÞm are needed and
can be calculated to

~qð�ÞðqÞm ¼ Vm � 1
2

mVm�1qT R qþ Oðq3Þ ð19Þ

where again was used that

o

oqk

~qðqÞ
����
qk¼0
¼ 0 ð20Þ

vanishes if the center of mass is chosen as the point of origin. Thus,

~qðqÞn ~q�ðqÞn�1 ¼ V2n�1 � 1
2
ð2n� 1ÞV2n�2qT R qþ Oðq3Þ ð21Þ

and

~q3ðQ Þ ¼ V � 1
2
ð2n� 1ÞQ T R R

R R

 !
Q þ OðQ3Þ: ð22Þ

This yields the same tensor equation as in [14]

MnðQ Þ / V � 1
2

Q T TnQ ð23Þ

but with the modified tensor definition

Tn ¼
2nR ð2n� 1ÞR

ð2n� 1ÞR 2nR

 !
: ð24Þ
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The adaptation of the pore size measure derived from the trace
of the tensor then is straightforward:

R2
eff ¼ q

X
i

Z
porei

r2 dr ¼ TrðRÞ ¼ 1
4n

TrðTnÞ: ð25Þ

This also holds for the reduced tensor formalism [14] which
takes only parallel and antiparallel wave vector orientations into
account and yields

DMðqÞ ¼ 1
2
ð2n� 1Þ qT Rqþ qT Rq� qT Rð�qÞ � ð�qÞT Rq

� �
¼ qT 2ð2n� 1ÞRq: ð26Þ

Following the derivation in [14] the signal modulation for a
sample with an isotropic orientation-distribution of the pores
and for jq1j ¼ jq2j ¼ q can be calculated to

Misoðq; hÞ / V � 1
3
qq2hR2ið2nþ ð2n� 1Þ cos hÞ ð27Þ

where h is the angle between the two wave vectors and

hR2i ¼
Z

pore
r2dr ð28Þ

the squared mean radius of gyration of the pore.

2.3. Half-integral number of concatenations

So far, n1 ¼ n2 ¼ n was assumed, i.e. the same number of diffu-
sion-weightings for both wave vectors. This yields an experiment
that starts with q1 and terminates with q2. In principle, one could
also use an experiment that terminates with a q1 without adding
the corresponding q2 required to obtain another full concatenation
(Fig. 1c), i.e. where n1 ¼ n2 þ 1. It can be considered as an experi-
ment with an half-integral number of concatenations by defining
n0 ¼ ðn1 þ n2Þ=2 ¼ n1 � 1=2 ¼ n2 þ 1=2 as the number of concate-
nations. In this case, some of the equations presented so far need
to be slightly modified and the adapted functions will be denoted
by a prime (0) in the following paragraphs.

The phase difference then is given by

Du0ðq1;q2Þ ¼
Xn2�1

j¼0

q1½rð2jðDþ smÞÞ � rð2jðDþ smÞ þ DÞ�f

þq2½rðð2jþ 1ÞðDþ smÞ þ DÞ � rðð2jþ 1ÞðDþ smÞÞ�g
þ q1½rð2n2ðDþ smÞÞ � rð2n2ðDþ smÞ þ DÞ� ð29Þ

which yields an MR signal of

M0ðq1;q2Þ /
Yn2�1

j¼0

eiq1 ½rð2jðDþsmÞÞ�rð2jðDþsmÞþDÞ�þiq2 ½rðð2jþ1ÞðDþsmÞþDÞ�rðð2jþ1ÞðDþsmÞÞ�

" #*

�eiq1 ½rð2n2ðDþsmÞÞ�rð2n2ðDþsmÞþDÞ�

+
: ð30Þ

For a long mixing time sm,

M0ðq1;q2Þ /
X

i

~qiðq1Þj j2n1 ~qiðq2Þj j2n2 ð31Þ

is obtained. It should be noted that this result is valid for any n1 and
n2 due to the decoupling of the diffusion-weightings by the long sm,
i.e. it also holds for n1–n2 þ 1 and any order of the wave vectors.

For the case of a vanishing mixing time (sm ¼ 0), the general
signal expression then is given by

M0ðq1;q2Þ /
X

i

~qiðq1Þ
2 ~qið�q1 � q2Þ

n1 ~qiðq1 þ q2Þ
n2 ð32Þ

which simply takes into account that the final, ‘‘unpaired” time
point now also is related to the first wave vector. Correspondingly,
~q01ðQ Þ ¼ V � 1
2

Q T 2R 0
0 0

� �
Q þ OðQ3Þ ð33Þ

and

~q02ðQ Þ ¼ 1 ð34Þ

which yields a tensor of

Tn0 ¼
ð2n0 þ 1ÞR ð2n0 � 1ÞR
ð2n0 � 1ÞR ð2n0 � 1ÞR

 !
: ð35Þ

All other equations remain valid if n is replaced by n0, in partic-
ular Eqs. (25)–(27), and contain even multiples of n.

2.4. Signal modulation

For a long mixing time, no detailed analytical results concerning
the angular modulation have been reported by Mitra [3] which
could be considered in the light of multiple concatenations. How-
ever, due to the larger exponent in Eqs. (8) and (31) it is expected
that the signal modulation in the presence of microscopic anisot-
ropy increases with n. This is investigated with numerical simula-
tions (see below).

For a short mixing time, considering Eq. (27) reveals some of the
interesting features of multiple concatenations. First, the signal de-
cay Misoð0; hÞ �Misoðq; hÞ for the antiparallel orientation (h ¼ p) is
given by 1

3 qq2hR2i and thus is independent of the number of con-
catenations n. This reflects the fact that for this orientation each
intermediate rephasing gradient is immediately followed by a
dephasing gradient of opposite polarity, i.e. the phase shifts intro-
duced by these gradients are nulled for the short pulse durations
assumed. Only the very first and the very last gradient of the gra-
dient pulse series therefore yield effective phase shifts, and
increasing the number of concatenations is equivalent to a prolon-
gation of D. However, because D� sD is assumed, the maximum
dephasing effect a gradient pair may have is already supposed to
be achieved for a single concatenation and an additional prolonga-
tion has no effect on the signal decay.

In contrast, the signal decay for parallel wave vector orienta-
tions (h ¼ 0) according to Eq. (27) is given by 1

3 qq2hR2ið4n� 1Þ
which increases linearly with n. Taking the ratio of the signal de-
cays expected for parallel and antiparallel wave vector orientations
consequently yields

Misoð0;0Þ �Misoðq;0Þ
Misoð0;pÞ �Misoðq;pÞ

¼ 4n� 1: ð36Þ

While for n ¼ 1, i.e. the unconcatenated experiment, the signal de-
cay for the parallel orientation of both wave vectors is three times
of that for the antiparallel orientation, the ratio increases already
to 7, i.e. is more than doubled, for two concatenations.

It should be emphasized that this increase represents a more
pronounced signal modulation and not only an overall increased
signal decay in the presence of multiple diffusion-weightings. This
can be seen when comparing the modulation amplitude,

Misoðq;pÞ �Misoðq;0Þ
2

¼ 1
3
qq2hR2ið2n� 1Þ; ð37Þ

and the averaged signal decay which e.g. is obtained for a perpen-
dicular wave vector orientation (h ¼ p=2) and is

Miso 0;
p
2

� �
�Miso q;

p
2

� �
¼ 1

3
qq2hR2i2n ð38Þ

Their ratio is given by

Misoðq;pÞ �Misoðq;0Þ
2 Misoð0; p2Þ �Misoðq; p2Þ
� 	 ¼ 2n� 1

2n
¼ 1� 1

2n
ð39Þ
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which is 1
2 for the unconcatenated experiment (n ¼ 1) and asymp-

totically approaches 1 for a large number of concatenations n. This
means that the relative signal modulation increases with n. Thus, it
may be easier to detect, in particular in case that achieving a suffi-
cient signal decay is difficult as on whole-body MR systems with
their limited gradient amplitudes.

3. Experimental

To simulate the MR signal of diffusing spins in DWV experi-
ments and analyze it with respect to the predicted signal behavior
for short mixing times, a self-written IDL algorithm (version 6.4,
ITT Visual Information Solutions, Boulder, Colorado, USA) was
used. Its basic principles have been described previously [14], how-
ever, it was extended to handle multiple concatenations and used
the generalized signal equations provided in the Theory section, i.e.
Eqs. (23)–(27), for the fit procedures.

Prolate spheroidal pores with impermeable boundaries and
semi-principal axes of 1.000 lm, 1.000 lm, and 3.163 lm, which
effectively yields the same hR2i as the pores used in [14], were
investigated. Relaxation effects were ignored. Five thousand spins
were investigated with a temporal resolution of 10 ls and assum-
ing a diffusion coefficient of 2:0� 10�3 mm2 s�1. The gradient
pulse duration was 10 ls to fulfill the short-pulse approximation.
The diffusion time D was 30 ms, the mixing time sm either 10 ls
 / 

 / 

a

c

q
1

) /
 M

0
M

(
,q

2
q

1
) /

 M
0

M
(

,q
2

Fig. 2. Simulated MR signals (symbols) vs. the angle h between the two wave vector
concatenations (diamond, square, +, �, �) with (a,b) the long and (c,d) the short mixing tim
were performed for 5000 spins in ellipsoidal pores (semi-principal axis of 1.0 lm, 1.0 lm,
mixing times of 10 ls and 30 ms, respectively. To obtain a comparable signal decay as
0.9661 m�2). The solid lines in (d) represent the fits to the theoretical curve, for details
or 30 ms to investigate the short and long mixing time regime,
respectively. A minimum mixing time of d was used to avoid an
angular dependency of the diffusion-weighting b value which oc-
curs for sm < d and introduces an additional signal modulation,
even for free diffusing spins, that may interfere with the effect un-
der investigation. Because sD (see above) can be estimated to be
between 0.25 ms and 2.5 ms for the pores and the chosen diffusion
coefficient (2:0� 10�3 mm2 s�1), these values are in good agree-
ment with the assumptions underlying the theoretical derivations
(sm � sD and sm � sD, respectively, and D� sD). One to five con-
catenations (n) were considered, for an half-integral number of
concatenations n0 values of 3

2 and 5
2 were used.

In all simulations, an identical magnitude of the two wave vec-
tors was assumed (q1 ¼ q2 ¼ q). For the simulations with the short
mixing time, the ‘‘isotropic”, ‘‘tensor”, and ‘‘trace” (x,y,z) direction
schemes were used for the wave vector orientations [14]. They
were designed either to investigate an isotropic orientation-distri-
bution of the pores or to calculate the elements of the tensor Tn and
derive the pore size measure hR2i and have been described in detail
in [14]. In the isotropic scheme, 1651 directions were used for the
first wave vector, for the second the same directions plus their in-
verted counterparts (3302 directions). This approach was chosen
to ensure a sufficiently dense distribution of directions where par-
allel as well as antiparallel wave vector orientations are
investigated.
d

b

 / 

 / 

q
1

) /
 M

0
M

(
,q

2
q

1
) /

 M
0

M
(

,q
2

s for an isotropic orientation-distribution of the ellipsoidal cells and one to five
e for (a,c) fixed gradient integrals q and (b,d) comparable signal decays. Simulations
and 3.2 lm) for a diffusion time D of 30 ms, a gradient pulse duration d of 10 ls, and
in (d), the product of the number of concatenations and q2 was constant (about

see text.
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For the long mixing time, a modified isotropic scheme was used.
Because the signal modulation is expected to yield a maximum dif-
ference between experiments with parallel and perpendicular
wave vector orientations, a dense sampling of antiparallel orienta-
tions is not required. Instead, the total number of directions for the
first wave vector was increased to 6599 and the same scheme was
applied to both wave vectors in order to yield an increased sam-
pling density of perpendicular wave vector orientations.

The simulations were analyzed as described previously [14].
The isotropic schemes were used to investigate both, the mean sig-
nal for an isotropic distribution of the pores and, for a short mixing
time, the dependency of the signal on the wave vector orientations
for a large range of orientations which also can be used to deter-
mine the elements of Tn and R for the full and the reduced tensor
approach, respectively. As in [14], fits were based on a Levenberg–
Marquardt algorithm.

4. Results

Fig. 2 shows the simulation results obtained for multiple con-
catenations and an isotropic orientation-distribution of the ellip-
soidal cells. For a fixed gradient integral q, the averaged signal
decay raises monotonically when increasing the number of concat-
enations (Fig. 2a and c) which reflects the increased diffusion
weighting. For the short mixing time (Fig. 2c), the signal for the
antiparallel orientation is not perfectly independent of the number
of concatenations as expected. The slight decay observed with n
can be assigned to the non-zero mixing time (10 ls). Although it
is very short, it disturbs the complete nulling of the phase shifts
of the two successive gradients. Doubling the mixing time in-
creases the signal decay for the antiparallel orientations (data not
shown) which demonstrates the influence of a small, but non-zero
mixing time.

The increase with the number of concatenations also holds for
the modulation amplitude (Fig. 2a and c). However, because an in-
creased signal decay can also be achieved with a higher gradient
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details see Fig. 2 and text.
pulse amplitude or a prolonged gradient pulse duration, a compar-
ison for similar signal decays is more meaningful and shown in
Fig. 2b and d. For the long mixing time, the modulation amplitude
seems to be independent from the number of concatenations for a
comparable signal decay (Fig. 2b). In contrast, it increases with the
number concatenations for the short mixing time (Fig. 2d) as
expected.

Some minor modulations are observed in the simulated data,
e.g. at angles of 5	, due to a slightly anisotropic distribution of
the wave vectors that enclose the corresponding angles. Increasing
the number of directions is expected to reduce this effect. How-
ever, the calculation time for a single curve is already quite long
with the more than 5.4 million (1651 � 3302) wave vector combi-
nations currently used (33 h).

The fits to Eq. (27) shown in Fig. 2d (solid lines) are in good
agreement with the simulations and yield a pore size which is
within 
1.5% for the different numbers of concatenations. Com-
pared to the nominal value, a slight underestimation of about 5%
is present which similarly has been observed in previous studies
[14]. It is consistent with higher (4th) order contributions in the
simulations that are not taken into account in the theoretical con-
siderations. Nevertheless, Eq. (27) seems to represent a good
approximation of the signal modulation observed for pores with
isotropic orientation-distribution.

In Fig. 3, the signal modulation observed in a sample with a sin-
gle pore orientation is shown for some combinations of the isotro-
pic direction scheme (Fig. 3a) and the full tensor scheme (Fig. 3b)
for one to five concatenations. The signal range covered is ex-
tended compared to Fig. 2 because no averaging over isotropic pore
orientations was performed, i.e. the data represent the signal ob-
served in a sample with a single pore orientation. As in Fig. 2,
the main effect of multiple concatenations is an increased modula-
tion amplitude but there are also some changes in the shape of the
curves, in particular for the isotropic scheme.

For both direction schemes, the fits to the tensor approach, i.e.
to Eqs. (23) and (24), are in good agreement with the simulated
q
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nsor model for the short mixing time, pores of a single orientation, and one to five
me for the orientations of the wave vectors. The values of the abscissas represent the
the 5.5 millions different combinations (1651 orientations for the first, 3302 for the
ct of the number of concatenations and q2 was constant and about 0.9661 m�2. For
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data for all concatenations. The pore size parameters derived from
the fits differ by less than 2% between the two direction schemes
and are within 
5% of the nominal values with a slight underesti-
mation for the long pore diameter and a minor overestimation for
the shorter pore axis. Thus, the tensor approach extended for mul-
tiple concatenations can be considered to be a good model for the
simulated data.

The simulations performed for parallel and antiparallel wave
vector orientations in a sample with a single pore orientation are
shown in Fig. 4 for the three direction schemes investigated and
a comparable signal decay. Increasing the number of concatena-
tions reduces the signal decay and modulation amplitude for the
antiparallel orientation while they are increased for the parallel
orientations (Fig. 4a). Accordingly, the signal difference of parallel
and antiparallel orientations increases with the number of concat-
enations (Fig. 4b–d). The fits (solid lines) of the reduced tensor
model adapted to multiple concatenations, i.e. according to Eq.
(26), are in good agreement with the data simulated for the isotro-
pic direction scheme (Fig. 4b) which validates the theoretical
considerations.

The mean signal difference (dashed lines) over all orientations
of the individual schemes yields very similar values for the differ-
ent direction schemes and increases with the number of concate-
nations (Fig. 4b–d). It should be kept in mind that the gradient
integral in these simulations was chosen to yield comparable sig-
nal decays for the different concatenation, i.e. n� q2 was constant.
The signal modulation therefore does not increase with 2n� 1 as in
Eq. (26) but is expected to be proportional to 1� 1

2n as in Eq. (39).
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Fig. 4. (a) Simulated MR signals for one pore orientation and different wave vector orien
vectors for one (left) and five concatenations (right). (b–d) Signal differences (�) for diff
wave vectors and means of the signal differences (dashed lines) for the (b) isotropic, (c)
lower). The values of the abscissas represent the indexes of the wave vector orientatio
constant to obtain a comparable signal decay (see Fig. 2d) and was about 0.9661 m�2.
concatenations. All simulations were performed with the short mixing time, for details
The ratio of the mean values obtained for the isotropic scheme
and one and five concatenation is 0.5685 which is rather close to
the theoretical value of ð1� 1

2�1Þ=ð1� 1
2�5Þ ¼ 5

9. Estimates of the
pore radii derived from the isotropic scheme are within 
2% for
the different concatenations with a slight, but systematic underes-
timation of about 5% compared to the nominal values. As pointed
out earlier, this deviation is most likely due to higher order signal
contributions. Mean pore size estimates obtained for the tensor
scheme differ by about 1% from those of the isotropic scheme,
those of the trace scheme by up to 4%. The larger deviation for
the trace scheme could be related to the reduced number of direc-
tions which makes it more sensitive to numerical fluctuations.

In Fig. 5, the corresponding results for the half-integral numbers
of concatenations (3

2 and 5
2) are summarized. The mean curves for

the isotropic orientation-distribution of the pores fit well between
those for the larger and smaller integer numbers (one, two, and
three concatenations, respectively) both for a constant gradient
integral (Fig. 5a) and comparable signal decays (Fig. 5b). For a sam-
ple with a single pore orientation the fits of the corresponding ten-
sor approach, i.e. using Eq. (35), are in a good agreement with the
simulated data, both for the isotropic (Fig. 5c) and the tensor direc-
tion scheme (Fig. 5d). This also holds for the fits to Eq. (26) with
n ¼ n0, i.e. the reduced tensor model for the signal difference of
parallel and antiparallel orientations (Fig. 5e).

The mean difference values (dashed lines) for the three direc-
tion schemes investigated for a single pore orientation (Fig. 5e–g)
are very similar. The size estimates derived from these mean val-
ues are almost identical to the values for integer numbers of
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The solid lines in (b) are the fits to the reduced tensor model adapted to multiple
see Fig. 2 and text.
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Fig. 5. Summarized simulation results for a half-integral number of concatenations, 3
2 (squares/upper) and 5

2 (�/lower), at the short mixing time. (a,b) Signal modulation with
the angle between the two wave vectors for an isotropic orientation distribution of the ellipsoidal cells with (a) a fixed gradient amplitude and (b) a similar signal decay
(constant n� q2). For comparison, the corresponding curves for integral numbers of concatenations (one, two, and three) are shown (diamond, +, �). (c,d) Signal modulation
for a single pore orientation observed for (c) a subset of the isotropic direction scheme and (d) the tensor scheme. (e–g) Signal differences of parallel and antiparallel wave
vector orientations for (e) the isotropic, (f) the tensor, and (g) the trace scheme. The values of the abscissas in (c–g) are the indexes of the wave vector orientation
combinations plotted. The product of the number of concatenations and q2 in (b–f) was about 0.9661 m�2, i.e. identical to that used in Figs. 3 and 4. Symbols represent
simulated signals, solid lines fits, dashed lines mean values over all orientations of the corresponding scheme. For details see Fig. 2 and text.
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concatenations including the slightly overall reduction compared
to the nominal values and the reduced values for the trace scheme.
Thus, the presented theoretical approach for a half-integral num-
ber of concatenations is in a good agreement with the simulated
data and behaves very analog to that for an integer number of
concatenations.
5. Discussion

In this work, an extension of the standard DWV experiment is
proposed which involves multiple concatenations of the two wave
vectors. Although it has similarities to an experiment with multi-
ple, i.e. more than two, wave vectors, the full flexibility that such
an experiment can offer is not exploited here. Instead, the experi-
ment is characterized by single values of the diffusion time, mixing
time, and gradient pulse duration, the two wave vectors and the
number of concatenations which is the only addition compared
to a standard DWV experiment. Simplified expressions for the
MR signal in case of a very long and a vanishing mixing time can
be derived from the theoretical work of Mitra. For a vanishing mix-
ing time, the expression reveals an increased amplitude of the sig-
nal modulation that is present when varying the angle between the
two wave vectors, relative to the signal decay for a larger number
of concatenations. Thus, the detectability of the signal modulation
in experiments could be improved. The tensor approaches pre-
sented recently for vanishing mixing times have been extended
to multiple concatenations and verified by numerical simulations.

In particular, experiments on whole-body MR systems could
benefit from multiple concatenations. Because the gradient ampli-
tudes available are very limited, long gradient pulses are required
to achieve a signal decay sufficient to observe the signal modula-
tion reliably. However, it has been shown for short mixing times
that the modulation amplitude decreases for finite pulse durations
[9,10,15,16], in particular if the pulse durations are in the order of
sD or larger which is a realistic scenario for whole-body MR sys-
tems [11,12]. Multiple concatenations can ameliorate this problem
because (i) the signal modulation for a comparable signal decay is
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increased for a fixed pulse duration and (ii) the pulse duration can
be reduced to achieve a comparable signal decay which further
increases the modulation amplitude. The latter gain is expected
to be in the order of the effect by the concatenations itself [9,10].

It should be noted that an increase of the signal modulation for
shorter gradient pulses could also be expected for long mixing
times. Thus, although the signal expressions derived for this exper-
iment do not reveal a specific advantage for ideal conditions, it may
benefit from multiple concatenations for realistic experiments,
again in particular on whole-body MR systems.

In practice, the additional time required for multiple concatena-
tions needs to be considered when optimizing the experiment
since relaxation-related signal losses cannot be avoided. However,
for experiments with short mixing times on whole-body MR sys-
tems the gradient pulse duration d dominates the timing of the dif-
fusion weighting [11]. Because d typically is much larger than sD, it
also causes an excessive diffusion time D P d. With multiple con-
catenations, d and the diffusion time as well can be shortened
which can yield a reduced duration per diffusion-weighting. Be-
cause the amplitude of the signal modulation for a large number
of concatenations asymptotically approaches double of the value
present in a standard experiment, most of the gain achievable with
multiple concatenations for a fixed gradient pulse duration is al-
ready obtained within the first few concatenations, e.g. 33% for
1.5, 50% for two, 75% for four concatenations. From this point-of-
view, it could be expected that more than five concatenations are
unattractive (less than 5% gain per additional concatenation). The
additional gain of the signal modulation amplitude achieved with
shorter d is also needed for an optimization of the parameters
but is quite difficult to calculate theoretically and may only be
assessable with numerical simulations.

6. Conclusions

Multiple concatenations of two diffusion-weightings in a single
experiment have been investigated as an extension of the standard
double-wave-vector experiment and a special case of the more
general multiple wave vector experiment. The signal expressions
derived reveal an increased signal modulation amplitude for
experiments with short mixing times which may help to improve
the observability of the effect and to increase the accuracy of the
experiments. An additional increase of the signal modulation can
be expected due to the shorter gradient pulses usable with multi-
ple concatenations which in particular is beneficial for experiments
on whole-body MR systems with their limited gradient amplitude.
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